Abstract. Let G be a finitely generated group. We show that for any generating set A, the language consisting of all geodesics in Cay(G, A) with a contracting property is a regular language. Also, for a group G acting properly and cocompactly on a CAT(0) space X, we show that for any generating set A, the language consisting of all geodesics in Cay(G, A) with a D-contracting quasi geodesic image in X is a regular language.
Introduction
The study of Gromov hyperbolic groups has been so fruitful that extending tools from this setting to more general classes of groups is a central theme in geometric group theory.
Among the fundamental tools is the study of the geodesic language in hyperbolic groups. A classic result by Cannon [3] shows that for any finitely generated hyperbolic group G, the language consisting of geodesic words in Cay(G, S) is a regular language regardless of the chosen generating set S. A regular language is simply a (typically infinite) set of words of low enough complexity that it can be produced by a finite graph. The existence of such a language has beautiful geometric, algebraic, analytical, and combinatorial consequences. For instance, a geometric reflection of the existence of a regular language for geodesics in the group is the finiteness of cone types in hyperbolic groups. This in turns implies the algebraic fact that the word problem is solvable (by Dehn's algorithm). In the case of hyperbolic groups, this can be strengthened to solvable in quadratic time [9] (or linear time with a 2-tape Turing machine [8] ).
The existence of a regular language also has the analytical/combinatorial consequence that the growth function of the group is a linear recursive function. A beautiful, mind boggling example was given by Cannon of a finitely generated group where the language of all geodesic words is a regular language with respect to one generating set but not another. This example will be given in section 11 of this paper. Therefore, the regularity of the geodesic language in a finitely generated group G is not an intrinsic property of the group and is sensitive to the chosen generating set.
We show that in a finitely generated group G, if one restricts their attention to the language consisting of all "hyperbolic-like" geodesics, one gets a regular language for any generating set. The condition on a geodesic to be "hyperbolic-like" is that any ball disjoint from any subsegment of the geodesic will, once projected onto that subsegment, have diameter bounded by D. We call this D-prefix-contracting.
The first author was partially supported by NSF grant DMS-1607616. The second author is supported by NSF grant DMS-1812021. Theorem 1.1. Let G be a finitely generated group, and let A be any finite generating set. Then the language L D consisting of all D-prefix-contracting geodesics in Cay(G, A) is a regular language for any D.
Another valuable tool is the Gromov boundary. The Gromov boundary is a topological space associated to a hyperbolic group whose points are geodesic rays. The homeomorphism type of this boundary can be used to distinguish groups up to quasi-isometry. An analogous boundary has been defined for CAT(0) spaces, however Croke and Kleiner [7] showed that this boundary is no longer a quasiisometry invariant. Charney and Sultan [5] introduced the contracting boundary to circumvent this problem. By focusing on the set of geodesic rays with hyperbolic properties, they were able to construct a quasi-isometry invariant boundary. Cordes [6] then introduced the Morse boundary, which generalizes this construction to proper geodesic metric spaces and therefore all finitely generated groups. For CAT(0) groups, the Morse geodesics in the Cayley graph are precisely those geodesics whose image in the CAT(0) space is a contracting quasi-geodesic and we show Theorem 1.2. Let G be a group acting properly and cocompactly by isometries on a CAT(0) space X. This yields a quasi-isometry f : Cay(G, A) → X. For D ≥ 0, the language L D consisting of all geodesic words in Cay(G, A) whose image under f is a D-contracting quasi-geodesic is a regular language.
Using this, we can describe the Morse (or Contracting) boundary of a CAT(0) group as a direct limit of subspaces (indexed by D) that are closely connected to the paths described by these regular languages. That is, for each D the subspace ∂ D M G ⊂ ∂ M G consists precisely of the infinite geodesic words for which every subword is in the language L D .
In fact, we prove this theorem in greater generality than CAT(0) groups. For the theorem to hold, all we need is an action by isometries on a CAT(0) space and an orbit map that is a quasi-isometric embedding. For example, any quasi-isometrically embedded subgroup of a CAT(0) group will also have a regular language for Dcontracting quasi-geodesics.
Since the generating function counting the number of words of length n in a regular language is always rational, this opens a host of combinatorial questions. For any finitely generated group, choice of generating set, and parameter D, we can ask how many geodesics of length n are D-prefix-contracting. We can also ask how many group elements in a ball of radius n can be reached by a D-prefix-contracting geodesic. All of these questions can be answered with a rational generating function. An interesting question for future research is what can this data tell us about the group?
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prefix-contracting geodesics
Definition 2.1 (projection). Let C be a closed subset of X. We define the projection of a point x onto C to be
In general π C (x) may contain more than one point. If X is CAT(0), the projection is unique whenever C is convex. In such a case we will also use π C (x) to denote the unique projection point. When the set C is clear from context, we may omit the subscript. For B ⊂ X we write π C (B) = b∈B π C (b). Definition 2.2 (prefix-contracting). Let γ be a continuous quasi-geodesic in a CAT(0) space X. We say that γ is D-prefix-contracting if every sub-segment of γ is D-contracting in the usual sense. That is, for any closed metric ball B disjoint from γ, diam(π γ (B)) ≤ D. We say γ is prefix-contracting if it is D-prefix-contracting for some D.
It is clear from this definition that projections on D-prefix-contracting quasigeodesic are coarsely well defined. More precisely, ∀x ∈ X we must have diam(π(x)) < D.
Definition 2.3 (Morse
Notice that in H n all infinite geodesics are contracting and Morse whereas in R n , no infinite geodesic is contracting or Morse. Therefore, both the contracting and the Morse property can be thought of as hyperbolicity properties, Definition 2.4. Let u ∈ F (A) be a geodesic word in the Cayley graph of G. We define the D-prefix-contracting cone of u, denoted by Pcone D (u), to be all w ∈ F (A) so that the concatenation uw is a D-prefix-contracting geodesic in the Cayley graph. If u and v have the same D-prefix-contracting cone, we will say that u and v have the same prefix cone type.
Example 2.5. In the free group on two letters F 2 = a, b , if we take D = 1, the D-prefix-contracting cone of a is all geodesic words in the group that don't start with a −1 whereas in Z ⊕ Z = a, b| [a, b] , if D = 1, the D-prefix-contracting cone of a is empty. If we take D = 2, then in the free group example, the D-prefixcontracting cone of a will still be all geodesic words in the group that don't start with a −1 whereas in the Z ⊕ Z example the D-prefix-contracting cone of a is now the set {a,
Definition 2.6. Given an element u in F (A) representing a geodesic in the Cayley graph. Letū be the unique group element that u maps to. Given k ∈ N, we define the k-tail of u to be all elements h ∈ G with |h| ≤ k such that |ūh| < |ū|. We denote the k-tail of u by T k (u).
The k-tail of a geodesic word u is all group elements in a ball of radius k of the identity that moveū closer to the identity in the Cayley graph. Definition 2.7. Given u ∈ F (A) representing a geodesic in the Cayley graph and given t ∈ N, we define the t-local contracting type of u to be all words w ∈ F (A) with |w| ≤ t such that the edge path uw is a D-prefix-contracting geodesic in the Cayley graph of G.
Lemma 2.8. Let α be an M -Morse geodesic in the Cayley graph of G starting at the identity. If γ is any geodesic in the Cayley graph starting at the identity and ending 1 apart from α then γ is N -Morse where N = 2M + 1.
Proof. The proof of this lemma follows easily from Lemma 2.1 in [6] The following is Lemma 2.7 in [6] . It basically states that if you have two NMorse geodesics with the same origin that end close to each others then they have to be roughly uniformly close.
Lemma 2.9. If X is any geodesic metric space and
Remark 2.10. A D-prefix-contracting geodesic is D-contracting and therefore M -Morse (Lemma 3.3 in [11] ). Combining this with Lemmas 2.8 and 2.9 we get the following. If α is any D-prefix-contracting geodesic in the Cayley graph of G starting at e , then α has to be M -Morse where M depends only on D. By Lemma 2.8, if β is any other geodesic in the Cayley graph, starting at e and ending 1 apart from where α ends, then β has to be N -Morse where N depends only on M which depends only on D. Now Lemma 2.9 gives us that d(α(t), β(t)) < 8N (3, 0) for all t < |α| − 1 − 4N (3, 0).
3. prefix-contracting language is a regular language in any finitely generated group Definition 3.1. A finite state automaton (FSA) over an alphabet A is a finite graph whose edges are directed and labeled by elements of A; the vertices of the graph are divided into two sets-"accept" and "reject"-and there is a distinguished vertex s 0 called the initial vertex. The accepted language of the automaton is the set of words which occur as labels on a directed edge path beginning at s 0 and ending at an accept vertex.
Definition 3.2. Let A be a set and A * the set of all words with letters in A. A language over A is a subset L ⊂ A * . A language over A is regular if it is the accepted language of some finite state automaton over A.
Let G be a group with a finite generating set A. The goal of this section is to show that the languages L D consisting of all D-prefix-contracting geodesics are all regular languages regardless of the chosen generating set A. Before doing so, we will state an important key theorem that will provide us with the states needed for our FSA, we will refer to this theorem by "the cone types theorem". The theorem states that in order to determine D-prefix-contracting cone type of a geodesic word u, you need only to understand the local geometry around the vertexū. To be more precise, it says that there exist a uniform m such that the m-neighborhood around a vertexū encodes the information needed to determine what elements are in Pcone D (u). This will imply that we have only finitely many cone types because there are only finitely many types of m-neighborhoods in Cay(G, A). We will prove this theorem, but for now, let us show how it implies our first main theorem about the existence of a regular language for all D-prefix-contracting geodesics:
Corollary 3.4. Let G be a group and A any finite generating set. Then for any fixed D, the language L D consisting of all D-prefix-contracting geodesics in Cay(G, A) is a regular language.
Proof. Consider the finite graph whose vertices are the D-contracting cone types of G and which has a directed edge labeled a ∈ A ∪ A −1 connecting the D-prefixcontracting cone type of a geodesic word u to the D-prefix-contracting cone type of ua if and only if a belongs to the D-prefix-contracting cone of u. Otherwise the edge labeled a goes to the unique fail state, which can be thought of as the empty cone type. All non-empty D-prefix-contracting cone types are accept states. The previous theorem shows that there are finitely many vertices, and the D-prefixcontracting cone type was defined precisely to pick out those continuations that are both geodesic and D-prefix-contracting.
Now we prove Theorem 3.3:
Proof. We want to show that there exists some m large enough so that for any two geodesic words in the Cayley graph u and v with the same m-tail and the same mlocal contracting type then Pcone D (u) = Pcone D (v). Letū,v be the unique group elements represented by u and v respectively. Note that since u, v are assumed to be geodesic words, we must have |ū| = |u| and |v| = |v|. Let N be as in Remark 2.10. Choose m > max{8N (3, 0) + 1, 2D}.
We proceed by induction on the length of the words in the cone. Since u and v have the same m-tail and m-local contracting type, if w ∈ F (A) with |w| ≤ m, then w ∈ Pcone D (u) if and only if w ∈ Pcone D (v). This covers the base cases. For the induction step, let w ∈ Pcone D (u) ∩ Pcone D (v) and consider wa for a ∈ A. We want to show that wa ∈ Pcone D (u) if and only if wa ∈ Pcone D (v). Suppose for contradiction that wa ∈ Pcone D (v) but wa / ∈ Pcone D (u). By the previous observation, we must have |wa| ≥ m + 1. Since wa / ∈ Pcone D (u), then by definition, either the word uwa is not a geodesic word or uwa is a geodesic word that is not D-prefix-contracting.
First we show that uwa must be geodesic. We remark that this part of the proof closely follows a proof in the cone types section of [2] . If uwa is not a geodesic word, then there must exist some geodesic word ℓ of length strictly less than |u| + |w| + 1 such thatl = uwa. Write ℓ as a product ℓ 1 ℓ 2 such that |ℓ 1 | = |u| − 1 = |ū| − 1 and |ℓ 2 | ≤ |w| + 1. Note that since w ∈ Pcone D (u) then by Lemma 3.3 in [11] , uw has to be M -Morse where M depends only on D. Also since ℓ ends 1 apart from where w ends, Lemma 2.8 gives us that ℓ is N -Morse (where N = 2M + 1). In particular, both of the geodesic words uw and ℓ are N -Morse.
Since uw and ℓ end 1 apart from each other, Lemma 2.9 gives us that d(l 1 ,ū) < 8N (3, 0) + 1. Define z := u −1 ℓ 1 , hence, the group element z = u −1 ℓ 1 satisfies |z| ≤ 8N (3, 0) + 1 ≤ m and |uz| < |ū| which implies that z ∈ T m (u). Recall that T m (u) = T m (v) by assumption, soz ∈ T m (v) and |vz| < |v|. Let α be any geodesic word connecting e to the group element vz, so |α| < |v|. Now consider the concatenation of the geodesic α with the edge path labeled ℓ 2 . On one hand, you get αℓ 2 = vzℓ 2 = vu −1 ℓ 1 ℓ 2 = vu −1 uwa = vwa. Therefore, the edge path αℓ 2 ends at the same vertex as the geodesic word vwa. Consequently, since vwa is a geodesic, we have |αℓ 2 | ≥ |v| + |w| + 1. But on the other hand, if we concatenate the geodesic word α with the edge path labeled ℓ 2 we get |αℓ 2 | ≤ |α|+|ℓ 2 | < |v|+|w|+1 which is a contradiction. Therefore, uwa must be a geodesic word. Now we consider the other possibility, i.e. if uwa is a geodesic word that is not Dprefix-contracting. Denote this geodesic by q 1 and its geodesic subsegment labeled wa by σ 1 . Similarly, denote the geodesic vwa by q 2 and its geodesic subsegment labeled wa by σ 2 . Notice that if we let g := vu −1 , then we have σ 2 = gσ 1 . So the assumption is that q 1 is not a D-prefix-contracting geodesic but q 2 is. This implies the existence of x, y in Cay(G, A) whose projections on a subsegment of q 1 , say γ 1 , are more than D apart. In other words, we get p x ∈ π γ (x) and p y ∈ π γ (y) with
Note that since the geodesic uw is assumed to be D-prefix-contracting, then at least one of the points p x and p y , say p x , is on the edge labeled a at the end of the geodesic q 1 . The first thing to observe is that, since g is an isometry taking σ 1 to σ 2 , gp x ∈ π σ2 (gx) which is at the edge labeled a at the end of σ 2 . Now we consider the two different possibilities for the projection of y on the subsegment γ of q 1 . If all projections of y on the γ-subsegment of q 1 are on σ 1 , then by our assumption, ∃p y ∈ π σ1∩γ (y) with d(p x , p y ) > D. Since g is an isometry, gp x ∈ π σ2 (gx), gp y ∈ π σ2∩gγ (gy) and d(gp x , gp y ) = d(p x , p y ) > D which contradicts the assumption that q 2 is D-prefix-contracting. Now the other possibility is for y to have a projection point on the subsegment of q 1 given by u. If that is the case, then by removing this subsegment from q 1 , since uw is assumed to be D-prefixcontracting, there must exist some point p y ∈ π σ1 (y) which is at most D away from u. This implies that
Projection on CAT(0) Quasi-Geodesics
One of the most convenient features of CAT(0) geometry is the well-defined closest point projection onto convex subsets, including geodesics. For our purposes, we will be looking at projections onto quasi-geodesic paths. In general, these are emphatically not convex. In this section, we define what it means for a quasi-geodesic path to be contracting and prove several technical lemmas showing projection onto such paths coarsely preserves properties of projection onto geodesics.
Let X be a complete CAT(0) space.
Definition 4.1 (projection)
. Let C be a closed subset of X. We define the projection of a point x onto C to be
In general π C (x) may contain more than one point. If X is CAT(0), the projection is unique whenever C is convex. In such a case we will also use π C (x) to denote the unique projection point. When the set C is clear from context, we may omit the subscript. For B ⊂ X we write π C (B) = b∈B π C (b). It is clear from this definition that projections on D-contracting quasi-geodesic are coarsely well defined. More precisely, ∀x ∈ X we must have diam(π(x)) < D.
Notice that in H n all infinite geodesics are contracting and Morse whereas in R n , no infinite geodesic is contracting or Morse. Therefore, both can be thought of as hyperbolicity properties. In fact, in [11] , Sultan shows that
The following lemma states that if γ is an N -Morse quasi-geodesic and α is a quasi-geodesic with the same end points as α, then the Hausdorff distance between γ and α is bounded. As a corollary, we get that α is N ′ -Morse, where N ′ depends on N and the quasi constants for γ and α. 
Proof. The proof of this lemma is similar to that of Lemma 2.1 in [6] . 
where N ′ depends only on the N and the quasi constants of γ and α.
Proof. Let q be a (K, C)-quasi-geodesic with end points, say u and v, on α. By the previous lemma, there must exist points 
The following lemma states that in a CAT(0) space the unique geodesic connecting the end points of a contracting quasi-geodesic must itself be contracting Lemma 4.7. If γ is a contracting quasi-geodesic in a CAT(0) space X and α is the unique geodesic connecting the end points of γ, then α is contracting Proof. Since γ is a D-contracting quasi-geodesic for some D, then by 4.4 we get that γ is N -Morse for some Morse gauge N. By Lemma 4.6, we get that α is N ′ -Morse but then using 4.4 again, we get that α is D ′ -contracting which gives the desired result. Note that the contracting parameter D ′ might be different from D, but it depends only on D and not the quasi-geodesic we started with.
Definition 4.8 (slim). Let α be a geodesic in a CAT(0) space X. We say that α is δ-slim if for all x ∈ X and y ∈ α we have
The following property of contracting geodesics is quite useful, and is one of several ways that contracting geodesics behave like geodesics in a hyperbolic space. Proof. Let x ∈ X and y ∈ α. Denote the projection of x on α by p 1 . We want to show that p 1 is close to the geodesic [x, y]. 
Remark 4.10. Let α be a D-contracting (and thus δ-slim by Lemma 4.9) geodesic in a CAT(0) space X. Let x be any point in X and p = π α (x). If p t is a point on α at distance t away from p, then
The remaining three technical lemmas in this section concern projections onto contracting quasi-geodesics. Lemma 4.11. Let X be a proper metric space and α a D-contracting geodesic. Let γ : [a, b] → X be a continuous (λ, ǫ)-quasi-geodesic contained in the Nneighborhood of α. Denote the projections of the endpoints by u = π α (γ(a)) and v = π α (γ(b)). There exists a C ′ , depending only on D, λ, ǫ, and N so that for any x ∈ X and anyỹ Let p = π α (x) and pickp on γ with d(p,p) ≤ M . Supposeỹ ∈ π γ (x) and let y = π α (ỹ). Note that d(y,ỹ) ≤ M . The idea is that y has to be close to x by virtue of being close toỹ. Slimness then forces y to be close to p and thereforeỹ is also close to p.
Sinceỹ is in the projection of x onto γ, we must have
On the other hand, appealing to Remark 4.10 and the fact that α is δ-slim for δ depending only on D, we have
Combining these two inequalities, we find that
and therefore the diameter of π γ (x) is bounded above by C = 2C
′ .
Using this, we can get a bound for the diameter of the projection of a point not only on a contracting quasi-geodesic, but also onto its subsegments. This will be important for showing that subsegments of contracting geodesics are also contracting. 
The subsegment σ is in the N neighborhood of α, so we can apply Lemma 4.11 to get the desired bound C.
As a consequence, we gain some control over where projections onto quasigeodesic paths go when we cut off a piece and project onto a subsegment. The next lemma says that if the projection onto a geodesic hits at least one point off a subsegment, then the projection onto the subsegment will be near one of the endpoints. . Denote by α and β the subsegments of γ from γ(a) to γ(c) and from γ(c) to γ(b) respectively. Let z = γ(c), the cut point. For any x ∈ X, if π γ (x) ∩ α = ∅, then there is a constant K depending only on D and the quasi constants so that every y ∈ π β (x) satisfies d(y, z) ≤ K.
Proof. Let C = C(D, λ, ǫ) be the constant given by Lemma 4.12. Suppose y = γ(q) is in π β (x) and let s ∈ [a, c] be the largest for which α(s) ∈ π γ (x). We think of p = γ(s) as the last projection point on the initial segment α. If s = c, we are already done by Lemma 4.12, because then z is in π β (x). Suppose instead that s < c.
, the intermediate value theorem gives us at least one q ′ in [s, c] so that, denoting γ(q ′ ) by y ′ , both y and y ′ are the same distance from x. Choose y ′ = γ(q ′ ) to be the last such. That is, let
This means that y and y ′ are both in the projection of x onto the subsegment γ| [q,q ′ ] , ensuring by Lemma 4.12 that d(y, y ′ ) ≤ C, where C depends only on D, λ, and ǫ. Let K = λ(λC + λǫ) + ǫ. With the following inequalities,
Contracting is also Prefix-Contracting in CAT(0) Spaces
Now we are ready to prove that projection onto a contracting quasi-geodesic is distance decreasing in the sense of axiom (DD) in [1] . We can then use this to prove that D-contracting quasi-geodesics in a CAT (0) 
The result follows setting C = 2C ′ .
We now have all the lemmas we need to prove that subsegments of contracting quasi-geodesic paths are also contracting. Proof. This proof is modeled closely after that of Lemma 3.2 in [1] . Let C = C(λ, ǫ, D) be the distance decreasing constant given by Lemma 5.1 and K = K(λ, ǫ, D) the constant used in Lemma 4.13 for cutting off subsegments of a quasi-geodesic. Let γ(u) and γ(v) be the endpoints of σ. Up to relabeling we may assume u ≤ v. We will sometimes abuse notation and use [u, v] to denote the subsegment σ to keep the notation more consistent with [1] .
For especially short subsegments we can simply use a D ′ large relative to the length v −u. In particular, if v −u ≤ λ(C +ǫ), then any two points on σ are distance at most λ(λ(C + ǫ) + ǫ) apart. So we will assume that v − u > λ(C + ǫ). This ensures that no point's projections onto γ can fall on both sides of [u, v] , because the diameter of a point's projection is at most C. Let B be a ball centered at a point z and disjoint from our subsegment [u, v] . From here we divide the proof into two cases. The constant D ′ = 4K + 6C + 6 + λ 2 (D + C + ǫ) + λǫ is sufficient for both.
In this case it is possible that B intersects γ. The projection of z, the center, onto γ must be in either [a, u] or [v, b] , because its diameter is no more than C. Again for concreteness assume π γ (z) ⊂ [a, u]. In this case, it will turn out that everything in B projects close to γ(u). Let p x = γ(t) be in π γ (x) for some x ∈ B. If t < u, then d(π σ (x), γ(u)) ≤ K by Lemma 4.13. When t ≥ u, we will show by contradiction that p x still can't be too far from u.
Suppose for contradiction that d(p x , γ(u)) > D + 2K + 3C + 3. Let y be the first point on the CAT(0) geodesic [x, z] so that there is a p y ∈ π γ (y) ∩ [a, u]. Taking a point less than distance 1 from y along [x, y] and applying Lemmas 5.1 and 4.13, we get d(p y , γ(u)) ≤ K + 2C + 1. Let B ′ be the closed ball of radius r ′ = d(y, γ) − 1. This is the ball we will use to draw a contradiction with γ being D-contracting. The point x is not necessarily in B ′ , however, we can show that it is not too far from B ′ . Recall that both x and y are in a ball around z that is disjoint from [u, v] by assumption. From this we get that
On the other hand,
Combining the two we see that d(x, y) ≤ r ′ + K + C + 2. This means we can find
To show a contradiction, we now have
Now we've established that every point p ∈ π σ (B) is within a distance of D + 2K + 3C + 3 of γ(u), so the diameter of the projection is bounded above by twice that.
Notice that, by the previous lemma, if γ is a D-contracting quasi-geodesic, then every subsegment of it (including γ itself) is D ′ -contracting for some uniform D ′ . Therefore, the quasi-geodesic γ is D ′ -contracting and so is every subsegment of it. This gives the following corollary. Although the above prefix-contracting definition seems to be stronger than the original definition of a contracting quasi geodesics, the above corollary shows that the two notions are equivalent, this justifies the following assumption:
Assumption: Since contracting quasi-geodesics are also prefix-contracting for CAT(0) spaces, for the next two sections (6 and 7) we will abuse notation and use contracting for prefix-contracting. That is, whenever we say a quasi-geodesic is D-contracting, we assume that every subsegment of it is also D-contracting.
definitions and remarks
For the definitions in this section leading to the main theorem, we will need the following set up. Let G be any finitely generated group acting by isometries on a CAT(0) space X, and let A be a finite generating set. Suppose there is a basepoint x 0 ∈ X so that the orbit map g → gx 0 is a quasi-isometric embedding. If the action is proper and cocompact, then this will hold for any choice of basepoint and any finite generating set, by the Schwarz-Milnor Lemma [2] . We can extend the orbit map to a continuous quasi-isometric embedding of the Cayley graph f : Cay(G, A) → X by mapping each edge {g 1 , g 2 } to the unique geodesic connecting g 1 x 0 to g 2 x 0 . This allows us to view any geodesic γ in the Cayley graph as a (λ, ǫ)-quasi-geodesic path in a CAT(0) space, by considering f • γ. Note that the quasi-constants λ and ǫ depend on the map f and work for any geodesic in Cay(G, A). The map f and these constants will be fixed throughout the rest of the paper and referred to frequently. Definition 6.1. Given D and u ∈ F (A) a geodesic word in the Cayley graph of G, we define the D-contracting cone of u, denoted by Cone D (u), to be all w ∈ F (A) so that the concatenation uw is a geodesic in the Cayley graph whose image under f is a D-contracting quasi-geodesic in X. If u and v have the same D-contracting cone, we will say that u and v have the same cone type.
Note that in Z ⊕ Z, the D-contracting cone of a geodesic word u will always be a finite set. This is a reflection of the fact that Z ⊕ Z has no "hyperbolic-like directions". More precisely, towards the end of the paper we will show that the "Morse boundary" of a CAT(0) group G is empty if and only if for any D the D-cone of the identity, Cone D (e), is a finite set. Informally speaking, the Morse boundary of a CAT(0) space is defined to be the collection of all "hyperboliclike directions" in that space. On the other extreme, we will now show that a CAT(0) group is hyperbolic if and only if there exist a uniform D where every geodesic word in Cay(G, A) lives is some Cone D (u) for some geodesic word u. Equivalently, a Cat(0) group G is hyperbolic if and only if there exist D such that Cone D (e) = {w | w is a geodesic word in G}. More precisely, we have the following: Proposition 6.2. A finitely generated CAT(0) group G = A|R is δ-hyperbolic if and only if ∃D such that Cone D (e) = {w | w is a geodesic word in G} Proof. For the only if direction notice that since G = A|R is a CAT(0) group, then by definition, there must exist a CAT(0) space, say X, where G acts properly and cocompactly. By the Svarc-Milnor Lemma in [2] , this yields a quasi-isometry f : Cay(G, A) → X as in the set up above. If G is δ-hyperbolic, then by the Stability Lemma in [2] , every geodesic γ emanating from the identity in Cay(G, A) must be N -Morse for a uniform N depending only on δ. By Lemma 2.9 in [6] , we get that f (γ) is N ′ -Morse, where N ′ depends only on N and on the quasi isometry constants λ and ǫ. Therefore, by Theorem 4.4, f (γ) must be a D-contracting where D depends only on δ and the quasi isometry constants. This shows that γ ∈ Cone D (e). For the if direction, suppose that Cone D (e) = {w | w is a geodesic word in G}. In other words, we are given that for any geodesic γ ∈ Cay(G, A), we have f (γ) is D-contracting. Therefore f (γ) must be N ′ -Morse by Theorem 4.4. Since f is a quasi isometry, this implies that γ is N -Morse for a uniform N depending only on D and the quasi isometry constants λ and ǫ. This shows that every geodesic γ ∈ Cay(G, A) is N -Morse and hence by Lemma 2.2 in [6] , every triangle in Cay(G, S) has to be 4N (3, 0)-slim, which in turns imply that G is δ-hyperbolic with δ = 4N (3, 0). . Definition 6.3. Given an element u in F (A) representing a geodesic in the Cayley graph. Letū be the unique group element that u maps to. Given k ∈ N, we define the k-tail of u to be all elements h ∈ G with |h| ≤ k such that |ūh| < |ū|. We denote the k-tail of u by T k (u).
The k-tail of a geodesic word u is all group elements of length at most k that moveū closer to the identity in the Cayley graph. Definition 6.4. Given u ∈ F (A) representing a geodesic in the Cayley graph and given t ∈ N. We define the t-local contracting type of u to be all words w ∈ F (A) with |w| ≤ t such that the edge path uw is a geodesic in the Cayley graph of G whose image under f is a D-contracting quasi-geodesic in the CAT(0) space X.
Note that the t-local contracting type is simply all elements in Cone D (u) with length at most t.
Regular language in the CAT(0) setting
Now we are ready to state and prove our main result concerning groups acting on CAT(0) spaces. Before proving this key theorem, we show how it implies our main theorem about the existence of a regular language: Theorem 7.2. If G = A|R is a CAT(0) group, and f : Cay(G, A) → X is a quasi isometric embedding to a CAT(0) space X, then for any D, the language L D consisting of all geodesic words in a Cay(G, A) whose image under f is a Dcontracting quasi-geodesic is a regular language.
Proof. Consider the finite graph whose vertices are the D-contracting cone types of G and which has a directed edge connecting the D-contracting cone type of a geodesic word u to the D-contracting cone type of ua if and only if a ∈ A∪A −1 and a belongs to the D-contracting cone type of u. Otherwise they go to the unique fail state, which can be thought of as the empty cone type. All non-empty Dcontracting cone types are accept states. The previous theorem shows that there are finitely many vertices, and the D-contracting cone type was defined precisely to pick out those continuations that are both geodesic and D-contracting. (0) space X is a D-contracting quasi-geodesic, then by Theorem 3.4 in [11] this quasigeodesic is N ′ -Morse where N ′ depends only on D and not on the geodesic (this is essential). Therefore, by [6] , the geodesic α in the Cayley graph of G must be M -Morse for some Morse gauge where M depends only on N ′ and on the quasi isometry constants. To summarize, if P is the collection of all geodesics α in the Cayley graph of G emanating from the identity whose image in the CAT(0) space is D-contracting, then there exists a uniform Morse gauge M (that depends only on D and on the quasi constants) so that every such α is M -Morse. Now consider the collection Q of geodesics ending one apart from where geodesics α ∈ P end. By Lemma 2.8, we get that every γ in Q is N -Morse where N = 2M + 1. Now, we are ready to prove the cone types theorem. Before proving the theorem we will make a distinction between two notations:
• A string of letters given by a word w will refer to the edge path spanned by the word w in the Cayley graph of G starting at the identity. Hence, f (w) is an edge path in the CAT(0) space X.
• If w is a string of letters given in the Cayley graph of G, thenw will refer to the image of w in G. Therefore,w is a vertex in the Cayley graph and f (w) is a unique point in the CAT(0) space X, namely the endpoint of the path f (w). Proof. We want to show that there exists some m large enough so that for any two geodesic words in the Cayley graph u and v with the same m-tail and the same m-local contracting type then Cone D (u) = Cone D (v). Letū,v be the unique group elements represented by u and v respectively. Note that since u and v are assumed to be geodesic words, we must have |ū| = |u| and |v| = |v|. Let N be as in Remark 7.4 and K as in Lemma 4.13. Note that both K and the Morse gauge N depend only on D and the fixed quasi-constants λ and ǫ. Choose m := max{8N (3, 0), λ(K + ǫ + 3), λ(2D + K + 2ǫ + λ)}.
We proceed by induction on the length of the words in the cone. Since by hypothesis u and v have the same m-local contracting type, if w ∈ F (A) with |w| ≤ m, then w ∈ Cone D (u) if and only if w ∈ Cone D (v). This covers the base cases. For the induction step, let w ∈ Cone D (u) ∩ Cone D (v) and consider wa for a ∈ A. We want to show that wa ∈ Cone D (u) if and only if wa ∈ Cone D (v). Suppose for contradiction that wa ∈ Cone D (v) but wa / ∈ Cone D (u). By the previous observation, we must have |wa| ≥ m + 1. Since wa / ∈ Cone D (u), then by definition, either the word uwa is not a geodesic word or uwa is a geodesic word but it's image in X is not D-contracting. However, the edge path uwa must be geodesic following the same argument in Theorem 3.3.
Now we consider the other possibility, i.e. if uwa is a geodesic word but its image f (uwa) in X is not a D-contracting quasi-geodesic. Denote this quasi-geodesic by q 1 and its subsegment f (wa) by σ 1 . Similarly, denote the image of the geodesic vwa by q 2 and its subsegment f (wa) by σ 2 . Notice that if we let g := vu −1 , then we have σ 2 = gσ 1 . So the assumption is that q 1 is not a D-contracting quasigeodesic but q 2 is. This implies the existence of x, y in X whose projections on a subsegment of q 1 , say γ 1 , are more than D apart. In other words, we get p x ∈ π γ (x) and p y ∈ π γ (y) with d(p x , p y ) > D. Notice that since the quasi-geodesic f (uw) is assumed to be D-contracting, then at least one of the points p x , p y , say p x , is on the edge corresponding to a at the end of the quasi geodesic q 1 . Also, since g is an isometry taking σ 1 to σ 2 , projecting gx to the subsegment of q 2 given by σ 2 will also have a point at the end of the quasi-geodesic q 2 .
We now consider the two different possibilities for the projection of y on the subsegment γ of q 1 . If all projections of y on the γ-subsegment of q 1 are on σ 1 , then by our assumption, ∃p y ∈ π σ1∩γ (y) with d(p x , p y ) > D. Since g is an isometry, gp x ∈ π σ2 (gx), gp y ∈ π σ2∩gγ (gy) and d(gp x , gp y ) = d(p x , p y ) > D which contradicts the assumption that q 2 is D-contracting. Now the other possibility is for y to have a projection point on the subsegment of q 1 given by f (u). If that is the case, then by removing this subsegment from q 1 , Lemma 4.13 tells us that the new projection of y on the subsegment f (wa) is at most K away from f (ū). Again, since g is an isometry, projecting gy to the subsegment of q 2 given by f (wa) will also be K away from f (v). However,
contradicting the fact that q 2 is D-contracting.
Remarks on Boundaries of CAT(0) Groups
The Morse boundary is a topological space associated to a metric space. Its points are equivalence classes of Morse geodesic rays, so they represent directions to infinity. The key property of the Morse boundary is that it is a quasi-isometry invariant, and therefore a space we can associate to finitely-generated groups. In theory, it can be used to distinguish groups. This is difficult in practice because it is difficult to characterize which geodesics are Morse. In this section we suggest an approach to studying the Morse boundary using regular languages.
The regular languages given by 7.2 describe geodesics in the Cayley graph of a CAT(0) group whose image is prefix-contracting for some fixed parameter D. This is a hyperbolicity condition in the sense that all infinite geodesic rays in H n are prefix-contracting, while none are in R n . Similarly, all such geodesics are Morse. For more on Morse geodesics and the definition of the Morse boundary, see [6] . It turns out that a geodesic (finite or infinite) in the Cayley graph of a CAT(0) group has prefix-contracting image if and only if it is Morse. Proposition 8.1. Let γ be a geodesic (finite or infinite) in a CAT(0) group G acting on X. Fix any basepoint and generating set and let f be the extension of the orbit map to the Cayley graph. Note that f is a quasi-isometry.
• If f (γ) is D-prefix-contracting, then γ is N -Morse where the Morse gauge N depends only on D and the action of G on X.
• Conversely, if γ is N ′ -Morse, then f (γ) is D ′ -prefix-contracting for some D ′ depending only on N ′ and the action of G on X.
• γ is contracting if and only if it is Morse.
Note that while this proposition allows us to go back and forth between the two notions, the parameters may change. We use D ′ and N ′ to emphasize this point. shows that these are precisely the geodesics with prefix-contracting image in X. The topology of ∂ M G is given as a direct limit of subsets indexed by Morse gauges. We could instead take a direct limit of subsets indexed by prefix-contracting parameter and also get ∂ M G with the same topology.
In Lemma 6.2 we showed that a CAT(0) group G is δ-hyperbolic if and only if there is some D such that Cone D (e) consists of all geodesic words in the Cayley graph. On the other extreme, we will now show that the Morse boundary of a CAT (0) D (e). Now, by Theorem 7.2, L D must be a regular language. Thus, there must exist a finite state automata whose accepted language is L D . Since L D is an infinite set accepted by a finite state automata, there must exist a word that goes through the same state twice. In other words, our finite state automata must accept a word of the form uv where v begins and ends at the same state. This implies that uv n ∈ L D for all n ∈ N. Consider the ray γ in the Cayley graph defined by uvvvv.... On one hand, γ is a geodesic ray since all of its initial subsegments are geodesics. In fact, γ is a D-prefix-contracting geodesic ray since otherwise, if there exists a ball B disjoint from f (γ) such that diam(π f (γ) (B)) = C > D, then we can choose a large enough initial subsegment of γ, say γ i , such that diam(π f (γi) (B)) = C > D, contradicting the fact that γ i is D-prefix-contracting. For the converse, if the Morse boundary is non empty, then there must exist a geodesic ray α which is N -Morse. This implies that it is D-prefix-contracting for some D. Therefore, all of its initial subgeodesics that end at a vertex are elemenets of L D = Cone D (e) which is a contradiction since there are infinitely many of those.
Generating Functions for regular languages are rational
In this section, we give some background on the generating functions corresponding to regular languages. The ultimate goal is to present and sketch the proof for the well known result that the generating function corresponding to the growth of a regular language is a rational function. The proof relies on two simple observations, the first of which is the fact that the growth sequence for a regular language satisfies a finite linear recursion. This follows directly from applying Cayley Hamilton's theorem to the adjacency matrix of the regular language. Armed with the linear recursion, one can easily show that generating functions corresponding to such sequences must be rational.
Lemma 9.1. Let L be a regular language, and let a i be the number of words of length i in L, then the sequence {a i } satisfies a linear recursion.
Proof. Let A be the adjacency matrix corresponding to the finite directed graph whose accepted language is L, we know such a graph exists since L is regular. It is easy to see that the (i, j) entry of A t is the number of paths of length t connecting state i to state j. Now, if A is a k × k matrix, then by Cayley Hamilton we get c 1 , c 2 , ..., c k ∈ R such that
Now, let (A t ) i denote the i-th row of the the matrix A t , and similarly let (A t ) ij denote the (i, j) entry of the matrix A t . Without loss of generality, suppose that i = 1 corresponds to the initial vertex in the FSA. By restricting our attention to the first row of the previous equation, we get that:
Let s 1 , s 2 , ..., s n denote the accept state of the finite state automatan,from the previous equation, we get the following:
. Therefore, the number of accepted words of length k = c 1 |{accepted words of length k− 1}| + c 2 |{accepted words of length k − 2}| + · · · + c k Definition 9.2. Given a sequence of real numbers {a n } with n ∈ N, the generating function of the sequence a i is defined to be the formal sum:
Q(x) where P (x) and Q(x) are real polynomials in x, then we say that the generating function g(x) is rational.
The following is a well known fact stating that the generating function for a sequence is rational if and only if the sequence satisfies a linear recurrence. Lemma 9.3. Given a sequence of real numbers {a i } with i ∈ N, then the corresponding generating function g(x) is rational if and only if there exist c 1 , . . . , c k such that a n = c 1 a n−1 + c 2 a n−2 + ... + c k a n−k ∀n ∈ N.
Proof. This is an elementary fact whose proof can be found in any book in combinatorics. We provide a proof for the if direction and leave the converse as an exercise for the reader. Notice that:
. .
where deg(f (x)) ≤ k. This implies that
The above two lemmas show that if L is a regular language then the generating function corresponding to the sequence {a n } whose nth-term is the number of elements of length n must be rational. Sometimes, it is useful to consider the sequence {b n } where b n is the number of words in L of length at most n. Since a n = b n − b n−1 it follows that {a n } satisfies a linear recursion if and only if {b n } does. Therefore, the generating function g a corresponding to {a n } is rational if and only if the generating function g b corresponding to {b n } is rational. Definition 9.4. Let L be a regular language and let {b n } be the sequence defined as above. The growth function for L, p : N → N is defined to be:
If L is a regular language, then the function p(n) described above has either polynomial or exponential growth.
Proof. We give a sketch for the proof. Since L is a regular language, then the generating function for b n is a rational function
q(x) . If q(x) has a zero inside the unit disk, then the growth must be exponential. Otherwise, the growth will be polynomial.
Examples
In this section, we give examples of finite state automata for the group Z 2 * Z = a, b, c | [a, b] . We will denote the inverses by capital letters. This is π 1 (T 2 ∨ S 1 ) and so acts properly and cocompactly by isometries on the universal cover, which given the cubical metric is a complete CAT(0) space [4] . This space looks like a tree of Euclidean planes, with lines extending away from each plane at every integer lattice point. Here, the only obstruction to being D-contracting is spending too long in one Euclidean plane. That is, a geodesic ray is D-contracting if and only if no subsegment of length greater than D is contained in a single Euclidean plane. For more details, see [5] . For this example, we can give explicit finite state automata for small values of D and compute the associated generating functions. As a point of comparison, we begin with the language of all geodesics in the Cayley graph, without any hyperbolicity restrictions. Figure 3 is a diagram showing a finite state automaton which recognizes this language. The initial state is labeled i. Six of the states are labeled with the generators. All arrows pointing into these states are labeled with the same generator. If a letter is read and there is no arrow with that label from the current state, the word is rejected (equivalently, we move to a unique fail state not pictured).
The states q1 through q4 correspond to the four quadrants in a Euclidean plane. From any state other than C, there is a transition labeled "c" which leads to the state c. The situation is the same for "C" transitions. These arrows clutter the diagram, so we have omitted them in the depiction below.
The generating function for words of length n is
The exponential growth rate for a sequence with rational generating function is 1 R where R is the smallest real root [10] . In this case, the exponential growth rate is approximately 4.725.
The restriction to 0-contracting geodesics is severely limiting. These are paths of the form c n for some n ∈ Z. Here we have a very simple automaton given by figure 4. There are only 2 words of length n for n > 0, and 2n + 1 words of length up to n.
As soon as we let D = 1 we get much more interesting behavior. For a geodesic word to be 1-contracting, every instance of a, b, or their inverses must be immediately followed by c or C. Figure 5 is a finite state automaton for this language.
The "bottom" state represents that the path has traveled as far as it may go in a single plane-in this case a distance of 1. From here, c and C are the only continuations. All of the other generators lead to the reject state. The generating function counting paths that are 1-contracting in this CAT(0) space is
Now the geodesic growth is exponential, with exponential growth rate of approximately 3.372.
In the previous two examples, each group element happens to correspond to a unique geodesic. In general, this will not be the case. However, for any ordering of the generators, we have a lexicographic order (also called dictionary order) on the geodesics. The sublanguage of the geodesics which are first in the lexicographic order does map geodesics onto group elements uniquely. It is also regular, following the proof of Theorem 2.5.1 in [9] .
Our final example is for D = 2. The 2-contracting geodesics are those that don't have any subwords of length more than 2 in the letters {a, A, b, B}. As in figure 3 , we've removed the transitions with labels "c" or "C" from the diagram. The finite state automaton for D = 2 is shown in figure 6 . 
Motivating Non-Example
The languages for D-prefix-contracting geodesics is regular regardless of the choice of generating set. This is also true for the language of geodesics in a Gromov hyperbolic group, but in general the regularity of a geodesic language may depend on the choice of generating set. In this section, we outline an example due to James Cannon of a CAT(0) group G with two different generating sets S and S ′ such that Cay(G, S) has finitely many cone types and therefore the corresponding language of geodesics is regular, whereas the language of geodesics in Cay(G, S ′ ) is not regular.
Before we outline the example, notice that the group Z ⊕ Z with the standard presentation x, y | [x, y] has finitely many cone types. Namely, the cone of any element g in the group must coincide with the cone of one of the following 9 elements: e, x, x −1 , y, y −1 , xy, x −1 y x −1 y −1 , xy −1 . Now, consider the CAT(0) group G = (Z ⊕ Z) ⋊ Z 2 given with the following presentation G =< x, y, α | α 2 = 1, xy = yx, xα = αy, yα = αx >. With the given presentation, we obtain the relations x n α = αy n and y n α = αx n . The claim is that this gives us finitely many cone types. To be more precise, every element in G can be written in the form α i x j y k where i ∈ {0, 1} and j, k ∈ Z. Since each element g ∈ G can be represented in this form, we can think of this form as the "address" or the "coordinates" of the element, first, second and third. Notice that there are 2 · 3 · 3 = 18 different types of elements, as there are two different choices for the first coordinate (α is either there or it isn't), three different choices for the second coordinate (x, x −1 or nothing) and three different choices for the third coordinate. It is an easy exercise to verify that these 18 different elements are representatives for all possible cone types. One way one can see this is to notice that the only difference between the normal form for elements in this example and the normal forms for Z ⊕ Z is the possible presence of an element α in the front. Since the Z ⊕ Z had 9 cone types, this example must have 2 × 9 = 18 cone types (depending on whether α is present in the normal form or not). Now notice that S ′ = {x, d, z, α}, with d = xy, z = x 2 , is also a generating set as y = x −1 d. We claim that the language L := {All geodesics in Cay(G, S ′ )} is not a regular language. This should be apparent assuming the following claim holds: Claim 11.1. Let m, n be two positive integers. The edge path αz n αz m is a geodesics if and only if m < n.
We will prove this claim, but for the moment, let's see how it implies that L is not regular. For the sake of contradiction, suppose that L is regular. Then it has finitely many, say k, states. Consider the element x = αz k+2 αz k+1 . First notice that by the previous lemma, x ∈ L since k + 1 < k + 2. Also, since the number of states is k and k + 1 > k, then you must hit the same state twice while reading z k+1 which in turns produces a loop of length i where 1 ≤ i ≤ k. Therefore, all elements of the form αz k+2 α(z i ) t z k+1−i must be also in L for all t ∈ N which contradicts the previous lemma. The only part left now is to prove the above claim:
Proof. By playing with the given relations, you can see that αz n α = d 2n z −n . Therefore, αz n αz m = d 2n z −n z m = d 2n z m−n . For the sake of contradiction, suppose that αz n αz m is a geodesic where m ≥ n. Since αz n αz m is a geodesic, we have n + m + 2 ≤ 2n + m − n = n + m which is absurd.
We prove the converse by contradiction. Suppose that m < n yet the word w = αz m αz n is not a geodesic, i.e, there exist a geodesic word v such that |v| < |w| where v = w. We will show that this implies n ≥ m. Consider the homomorphism Φ : G → Z defined by sending x to 1, y to 1 and α to 0. This homomorphism is well defined since the relations α 2 , xyx −1 y −1 , xαy −1 α and yαx −1 α all map zero. Intuitively, the map Φ counts the number of the x and the y exponents appearing in a group element g. Again, since the relations are all mapped to zero, this map is well defined and independent of the presentation of an element. Notice that Φ(w) = 2m + 2n = Φ(v). First, we show that the word v can't contain the letter α.
Claim 11.2. The geodesic word v can't contain the letter α.
Proof. We argue by contradiction, we first show that α can't appear more than once. Notice that, for any given word u, Φ(ū) is less than or equal to twice the number of non α letters appearing in u. Let k be the number of non α's appearing in v. Since Φ(v) = 2(m + n), then by the previous observation, we get that 2(m + n) ≤ 2k or m + n ≤ k. However, by assumption, v is a geodesic word whose length is at most m + n + 1, therefore, if α appears more than once, then k < m + n which is a contradiction. This shows that α can't appear more than once in v. Now we show that α can't appear in v. Define a homomorphism g : G → Z 2 that sends α to 1 and sends x, y to 0 and since g(w) = 0 we must have g(v) = 0 and therefore, if α appears in v, it has to appear an even number of times but we have shown that is not possible. Now we know the word v can't contain the letter α, and the remaining three generators all commute. Let i, j, k be the exponents (positive and negative) of x, z and d in the word v respectively. This implies that Φ(v) = i + 2j + 2k = 2(m + n) = Φ(w). Note that by assumption, since v is assumed to be a geodesic word whose length |v| < |w| = m + n + 2, we get that i + j + k ≤ |v| < m + n + 2. This gives us the following two equations:
i + 2j + 2k = 2(m + n) i + j + k < m + n + 2 Combining the previous two equations, we get j + k ≥ (m + n) − 1. Since |v| ≥ |i| + |j| + |k|, we get |v| ≥ |i| + (m + n − 1). Notice that |i| can only be 0, 1, or 2. Since j + k ≥ m + n − 1, then in particular, we get that j + k is positive, in fact, one can use the above two equations along with the fact that |i| can only take the values 0,1, or 2 to show that both of j and k have to be positive. If one writesv in the normal form in terms of α, x and y we get thatv = x i+2j+k y k . Similarly, writē w = x 2n y 2m . Since such a representation is unique, we get that 2n = i + 2j + k and that k = 2m. This implies that 2n = i + 2j + 2m which implies that i has to be even (and thus zero because v is a geodesic and replacing an even number of x with z shortens the word). From this, we have n = j + m. Since j is non-negative, this implies that n ≥ m, a contradiction.
